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Abstract 

In this paper, we show the existence and multiplicity of nontrivial, non-negative solutions of 
the fractional p-Kirchhoff problem 

M ( [ — 1+p! dxdy] (-A ) s u = \f{x)\u\ q ~ 2 u + g{x) \u\ r ~ 2 u in fi, 

\jR 2 n \x - y\ J 

u = 0 in R™ \ C, 

where (—A)® is the fractional p-Laplace operator, C is a bounded domain in R" with smooth 
boundary, / £ (fi) and g £ L°°(fi) are sign changing, M is continuous function, ps < 
n < 2 ps and l<g<p<r<p* = . 

Key words: Fractional p-Laplacian, Kirchhoff type problem, critical exponent problem 


1 Introduction 


In this work, we study the existence and multiplicity of solutions for the following p-Kirchhoff 
equation 



u(x) — u(y)\ p 
\x - y\ n+ps 



(- A )pU 

u 


= Xf(x)\u\ q 2 u + g(x) \u\ r 2 u, u > 0, u ^ 0 in O, 
= 0 in M n \ n, 


where (—A)® is the fractional p-Laplace operator dehned as 


(-A y p u(x) = -2 f 
Jw 


u(y) — u(x) \ p 2 (u(y) — u(x)) 
\x - y\ n+ps 


dy 


where M(t) = a + bt, a, b > 0, p > 2, 1 < q < p < r < p*, ps < n < 2 ps with s £ (0,1), A is a 

positive parameter, O C M n is a bounded domain with smooth boundary and / and g satisfy the 
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following assumptions, 

(fl) / € L~(Cl) and g € L°°(Cl) and (f2) f + (x) = max{/(x),0} ^ 0 in O and g + (x) = 
max{g , (x), 0} ^ 0 in Cl (f and g are possibly sign changing on Cl). Fractional p-Laplacian operator 
is quasilinear generalization of fractional Laplace operator (—A)|. 

In this work, we would like to study the existence and multiplicity of solutions for the problem 
(. P \) with sign changing convex-concave type nonlinearity. A subcritical problem of this type is 
studied in m with M = 1. The presence of -W(|MIy 0 ) R1 the weak formulation requires the 
compactness of Palais-Smale sequences to obtain the solution. In order to show the existence of 
solution, we need to show the strong convergence of weak limit of Palais-Smale sequence which 
is not the case for M = 1. We prove the strong convergence of Palais-Smale sequences using 
the concentration compactness [22] , The growth of Kirchhoff term makes the study of hbering 
analysis more complicated. Starting from the pioneering work of Ambrosetti-Brezis-Cerami [3], 
there are many works on multiplicity results with convex and concave type nonlinearities. These 
results were generalized to p-Laplacian type equations by many authors see [9], jT6] and references 
therein. 

During the last one decade, several authors used the Nehari manifold and associated fiber maps to 
solve semilinear and quasilinear elliptic problems when the nonlinearity changes sign. In [6, 28]. 
authors studied the existence and multiplicity of solutions for subcritical and critical nonlinearities 
via Nehari manifold method for semilinear equation and in [12], these results are studied for p- 
Laplacian equation. In PI, authors considered the following Kirchhoff equation: 

M( f \'Vu\ 2 dx)Au = \f{x)\u\ q ~ 2 u + g(x)\u\ p ~ 2 u, in Cl, u = 0ondCl, 

J n 

where l<q<2<p<2* and f(x) and g(x) are sign changing continuous functions. They studied 
the existence and multiplicity results by studying the structure of Nehari manifold in different cases 
(i) p < 4 ( ii ) p = 4 and (in) p > 4. The above problem is called non-local because of the presence 
of integral over Cl. It means that ( P\ ) is no more a point wise identity. Non-local operators, 
naturally arise in several physical and biological models such as continuum mechanics, phase 
transition phenomena, population dynamics and game theory (see [7] and references therein). 
The fractional Laplacian operator has been a classical topic in Fourier analysis and nonlinear 
partial differential equations for a long time. Fractional operators are also involved in financial 
mathematics, where Levy processes with jumps appear in modeling the asset prices (see 0). 
The critical exponent problems for square root of Laplacian are studied in m, m- The Brezis- 
Nirenberg type results for fractional Laplacian (—A) s , (0 < s < 1) are studied in [2TJ, [Ml, [ 25 ] • In 
[29] , authors studied the Nehari manifold for square root of Laplacian by considering the harmonic 
extension of solutions in the half cylinder Cl x (0, oo) vanishing on the boundary dCl x [0, oo). The 
idea of these harmonic extensions was initially introduced and studied in the beautiful work 
of Caffarelli and Silvestre[5]. In [17] . existence of solutions for p-fractional Laplacian equations 
with sign changing nonlinearities are studied via the method of Nehari manifold. The Kirchhoff 
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equations with Laplacian and p-Laplacian operators are widely studied by many authors using 
variational methods ( see in, 0 , m, 118] and references therein ). 

In [15] . authors considered the following Kirchhoff equation with fractional Laplacian: 

M f f J——- n+ 2 ^ ^ x dy \ (—A)|u = A f(x,u) + |u| 2s ~ 2 u in fi, u = 0 in M n \ fi, 

where A is positive parameter and f(x,t ) is a subcritical term having superlinear growth at 
t = 0. They studied the existence of mountain pass solutions using the concentration compactness 
principle of Lions for fractional Sobolev spaces [22] . To the best of our knowledge, there are no 
works in the literature dealing with Nehari manifold and p- fractional equations with sign changing 
nonlinearities to study the existence and multiplicity results. 

In this work, we prove the existence of multiple non-negative solutions for the Kirchhoff ellip¬ 
tic equation with p-fractional operator and sign changing nonlinearity by studying the nature 
of Nehari manifold with respect to the parameter A and fiber maps associated with the Euler 
functional. In the subcritical case, we show the existence of local minimizers of the associated 
functional on nonempty decompositions of Nehari manifold. We show the multiplicity result by 
extracting Palais-Smale sequences in the Nehari manifold. The results obtained here are some¬ 
how expected but we show how the results arise out of nature of Nehari manifold. For this we 
adopt the approach in mi- We also prove an existence result for critical case using concentration 
compactness Lemma for suitable range of A. 

The natural space to look for solutions is the fractional Sobolev space IFq’ p (S 2). In order to 
study (.Pa), it is important to encode the ‘boundary condition’ u = 0 in M n \ in the weak 
formulation. It was observed in [23 1 123] that the interaction between Q and M n \ fi, which gives 
positive contribution in the norm |Mlvys,p(R»)- They introduced new function spaces to study the 
variational functionals related to fractional Laplacian. Subsequently, in EE, authors studied the 
p-fractional equations on the function spaces defined as: 

For l < p < oo, p 2, define the space X as 


X = 



u : M n —> R is measurable, u |n£ L p ( fl), 


[ u(x) - u(y) \ 

V \x-y\r +s ) 


€ L p (Q) 


where Q = 
defined as 


R 2ra \ (CQ x CQ) and CQ. = M n \ fL Then the space X endowed with the norm, 


is a reflexive Banach space. It is immediate to observe that C’) (O) C X. The function space Xq 
denotes the closure of Cq°(Q) in X. The space X$ is a Banach space which can be endowed with 
the norm, defined as 


u \\x 0 


f f \u(x)-u(y)\P 
\J Q \x — y\ n +P s 


l/p 


( 1 . 2 ) 
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Note that in equations (11.111 and C3, the integrals can be extended to R 2n , since u = 0 a.e. in 
M n \ fh The Energy functional associated to the problem ( P \) is given by 

J\(u) = ^M{\\u\\ p Xq ) - ^ J f(x)\u\ q dx - ^ J g[x)\u\ r dx (1.3) 

where M(t ) = M(s) is the primitive of M. 

Definition 1.1. A function u £ Xq is called weak solution of (P\) if u satisfies 

M{\\u\\ p x ) [ | u(x) - u{y)\ p ~ 2 (u{x) - u(y))(<p(x) - <p(y))\x - y\~ n ~ ps dxdy 

J R2" 

= A / f (x)\u\ q ~ 2 wp(x) dx + / g(x)\u\ r ~ 2 u(x)ip(x)dx for all ip € Xq. (1.4) 
Jq Jo. 

The Nehari set JV\ associated to the problem (P\) is defined as 

M x = {u£X 0 \ {0} : (J x '(u),u) = 0}, (1.5) 


where (,) is the duality between Xo and its dual space. First we show that, the set J\f\ is a 
manifold for small A. 

Theorem 1.1. There exists Ao > 0 such that M\ is a C 1 manifold for all A £ (0, Ao). 

We show the following existence and multiplicity theorems for all A £ (0, Ao) in the subcritical 
case. We remark that these results are sharp in the sense that for A > Ao, it is not clear if JV\ is 
a manifold. 

Theorem 1.2. Let r £ (2 p,p*). Then, ( P \) has at least two solutions for A £ (0, Ao). 

For the second theorem, we consider the following minimization problem 


A = inf 



u £ Xi 


, [ g(x)\u\ 2p dx = 1 
Jn 


( 1 . 6 ) 


Using direct methods of calculus of variations, we can show that A > 0 and is achieved by u\ > 0 
in Q. 

Theorem 1.3. Let r = 2p and let A be as in (11.61) . Then 

(i) ( P\) has at least one solution for all A > 0. 

(ii) For b < there exists a A 0 > 0 such that ( P \) has at least two solutions for A £ (0, A 0 ). 
For our next result, we use the following version of Lemma 2 of pj. 

Lemma 1.1. Let u be a non-negative solution of 


M(\\u\\ p Xo )(—A)p u = h\(x,u)in f 1, u = 0inM. n \Ll 


(1.7) 
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where £ C(fl x 1) satisfies 


h\(x,t) < \Co\t\ q + C\\t\ r for all x £ Ll,t £ R (1.8) 

and Co > 0, C\ > 0. A > 0, 0 < q < r, 1 < r < p* — 1. Then there exists (7* > 0, independent of 
M, such that 


Proof. Let u be a non-negative solution 
of 


of JHD. 




By ED. 


(— A)pV = g\(x, v) in f2, v = 0 in M” \ Q. 


and the fact that M(s ) > a for all s, we see 

\h x (x,M(\\u\\ p Xq 
|5a(x,s)| =. .r . 


that 


I p_ i,—i s 

e=±+i 

r — 1 


M(\\u\\ P x 0 ) 

< M^- 1 XC 0 \s\ q + M r -^- l CM r 

r-q-\-p —2 p —2 

< a^^AC' 0 |s| <? + a^C7i|s| r < XC 2 \s\ q + <7 3 |sr, 


for some positive constants C 2 and C 3 . Now for r < 2 p, we have 1 + -> I + J (r. So by Theorem 

P P Ps 

3.1 of US], Halloo < (7*, for some (7* > 0 (independent of M) . Therefore 

||u||oo < M{\\u\\ p Xo )—iC*. 

Since u solves ED, multiplying (11.71) by u and integrating by parts, we get 

IMIxo = M (IMIx 0 ) _1 ^ \hx(x,u)u\dx 

< (ACollnl^ 1 + CiUnll^ 1 ) |fi| 

< max{M(||n||^)^,M(||«|| p Yo )^T} (\C 0 C * +1 + C&+ 1 ) |Q|. 


□ 


Now for the case r < 2 p, we dehne L{X) = ^ACo(7* +1 + C\Cl +l ^j |fl| and 


^ r q—r+2 2 A 

T = max|M(fc) r ~ 1 ,M(k ) r - 1 where 


I = 


a(r — p) a(r — p) 


rb 


pb 


( 1 . 10 ) 


Then we have the following theorem. 

Theorem 1.4. Let r < 2p and let A be defined in (11.101) . Then 
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(i) (P\) has at least one solution for each A > 0. 

air — p') * 

(ii) For any 6 > 0, and 0 < b < —--, there exists Ao £ (0, 9] such that (P\) has at least two 

rAL(0) ' 

solutions for each 0 < A < Aq- 


Finally, in the case of critical nonlinearity, we have the following theorem. 

Theorem 1.5. Let r = p* and g(x) = 1. Then there exists a Aoo > 0 such that (P\) admits at 
least one solution for all A £ (0, Aoo)- 

The paper is organized as follows: In section 2, we introduce Nehari manifold for (P\) and show 
that the associated Euler functional is bounded below on this manifold. Section 3 contains the 
existence and multiplicity results in the subcritical case. In section 4, we have the existence of 
nontrivial solution in the critical case. 


2 Nehari manifold for (P\) 

In this section we describe the nature of Nehari manifold corresponding to the problem (P\). In 
the case r > 2 p, the functional J\ is not bounded below on Xo since M(t) t 2p 

as t —> oo. 

We will show that it is bounded on some suitable subset of Xo and on minimizing ff\ on these 
subsets, we get the solutions for problem (P\). From the definition of Af\, u £ Af\ if and only if 


M (\\ U \\ P X 0 ) [ \ u ( x ) - u (y)\ P \x ~ y\ n ps dxdy — A [ f(x)\u\ q dx- [ g(x)\u\ r dx = 0. (2.1) 

Jq Jn Jn 

We note that Af\ contains every non zero solution of (P\). Now as we know that the Nehari 
manifold is closely related to the behavior of the functions <f> u : M + —> R defined as f>u (t) = J\ ( tu ). 
Such maps are called fiber maps and were introduced by Drabek and Pohozaev in [T2]. For u € Xo, 
we have 


4>u{t) 

^( 1 ) 

K0) 


l -M{t P M P Xo )~ 

M(||a||^)||n||^ o 

(p-l)M(||n||^ 


— t q f f{x)\u\ q dx — -t r f g(x)\u\ r dx, 
q Jn r J n 

— A f f{x)\u\ q dx — f g(x)[u\ r dx, 

J Q J Pi 


-A (q-1) 



f(x)\u\ q dx — (r — 1) 


f g(x)\u\ r dx. 

Jn 


( 2 . 2 ) 

(2.3) 

(2.4) 


Then it is easy to see that u £ Af\ if and only if 0^(1) = 0. Thus it is natural to split J\T\ into 
three parts corresponding to local minima, local maxima and points of inflection. For this, we set 


■= {u£Af\: ^ 0} = |tu £ X 0 : (j)' u (t) = 0, 4>' u [t) ^ o| , 

■= {u £ M\ ■ 0"(1) = 0} = |tu £ X 0 : 4>' u (t) = 0, (j>' u (t) = o| . 
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We define = {u £ Xq : J n f(x)\u\ q dx ^ 0}, G± = {u £ Xq : J n g(x)\u\ r dx ^ 0}, H° = 
{u £ Xq : f(x)\u\ q dx = 0} and G° = {u £ Xq : g(x)\u\ r dx = 0}. Define if u : M + —> R as 

Mt) = at P ~ q Mx 0 + bt 2p ~ q \\u\\ 2 £ - t r ~« J g(x)\u\ r dx. (2.5) 

Then 

^u(t) = a(p - q)t p ~ q ~ 1 \\u\\ v XQ + b(2p - q)t 2p ~ q ~ l \\u\\ 2 £ o - (r - q)t r ~ q ~ x f g{x)\u\ r dx. (2.6) 

J 

We also note that 4>t u and if u satisfies 


C(i) = t-«-V«W- 


(2.7) 


Lemma 2.1. If u is a minimizer of J\ on Af\ such that u ^ Af®. Then u is a critical point for 


Proof. The details of the proof can be found in m- 

Dehne 0\ := inf{J7 a('u)|'u £ Af\} and 9± := inf{J7A(it)€ A/J}. Then 

Lemma 2.2. J\ is coercive and bounded below on J\f\. 

Proof. For u £ J\f\, using Holder's inequality, we have 


Mu) = Q -“ w *. + -;) 6|M % 

> Q - ;) “Ha-o + { y p - ;) 

> (- - a\\u\\ p x b\\u\\ 2p 

\p r) A ° \2p r J A ° 


(<7 ~~ r) f n fW\ u \ qdx ' 



Thus Jx is coercive and bounded below in J\f\ for r > 2p. 

Lemma 2.3. There exists Ao > 0 such that A7®( D) = 0, V A G (0, Ao) 

Proof. We have following two cases. 

Case 1: u £ and f Q f(x)\u\ q dx = 0. 

From equation (12.31) . we have, a||u||^- o + 6||u||^ — J n g(x)\u\ r dx = 0. Now, 


□ 


□ 


HMIxo + 2 P b \\ u \\x 0 ~ r [ 9 (x)\u\ r dx 

J 


pa\\u\\ p Xo + 2pb\\u\\ 2p o - r(a\\u\\ p + b\\u\\ 2p o ) 
(P - r )a\H\x 0 + (2 p - r)b\\u\\ 2 £ < 0. 


which implies u (f 
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Case 2: u £ M\ (H) and f Q f{x)\u\ q dx / 0. 

Suppose u £ A/^(r2) . Then from equations ()2.3p and (I2.4ji . we have 

(p - q)a\\u\\ p Xo + (2p - q)b\\u\\ 2 J? o = (r - q) g(x)\u\ r dx, 

(r - p)a\\u\\ p Xo + (r - 2p)b\\u\\ 2 £ o = (r - q)X j f{x)\u\ q dx. 

Define E\ : N\(£l) —> R as 

(r — p)a\\u\\ P v + (r — 2p)b\\u\\ 2 S f 

E x (u) = - - '7 \ ^ " "- Yo - A / f(x)\u\ q dx , 

(r - q) Jn 

then, from equation (12.91) . E\(u ) = 0, Vu £ A/ r °(D). Also, 

> ,r_P 


r _ q a|Mlx 0 ~ /(x)|u| 9 da; 


r — q 


- IMIxo 


> (^UH7- 


r — p 
r — q 


a\\u\ 


^ q mn\\ q Xo s-\ 
T 0 q, -m\ L ^- q msr q 


L r 
(P-?) 


( 2 . 8 ) 

(2.9) 


Now, from equation (12.8ft . we get 


lull > 


Y p-q\ 

1 

co 

C5 

\r - q) 

IbllooJ 


1 

r—p 


Using equation (12.101) . we get 

E\{u) > \\u\\ q Xo (r-p) 


a \ p f (p — q)Sr A r - 


r — q 


p-q 
p 


-\\\f\\ L ^(n)s- q 


( 2 . 10 ) 


This implies that there exists Ai > 0 such that for A £ (0, Ai), E\{u) >0, V u £ A/"°(f2), which 
is contradiction. Hence, jV’P(H) = cf>. 


□ 


Proof of Theorem ll.lt Now the proof of Theorem 1.1 follows from the implicit function 
theorem and Lemma 12.31 
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3 Existence and multiplicity results in the subcritical case 

In this section, we prove the existence and multiplicity results for the case r < p*. We need the 
following Lemmas. 

Lemma 3.1. Every Palaise-Smale sequence of J\ has a convergent subsequence. That is, if 
{uk} C Xq satisfies 

Jx(uk) = c + o fc (l) and J{(u k ) = o k { 1) in X' 0 , (3.1) 

then {n^} has a convergent subsequence. 

Proof. Let {w*,} be a sequence satisfying equation (13.111 . Then it is easy to verify that {u k } is 
bounded in Xq. So upto subsequence u k —- u\ weakly in Xo, u k —> u\ strongly in L g (fl), 1 < q < p* 
and u k (x ) —> u\(x) a.e. in Q. Now, by compactness of the imbedding ^ L"(P) for all a < p*, 
we have 

/ f(x)\u k \ q dx —> / f(x)\u\\ q dx as k —> oo. 

Jo. Jet 

Therefore, (J x ( u k) ~ 0( u k ~ u \)) —> 0 as k —> oo. Now using the inequality |a — b\ l < 
2 l ~ 2 (\a\ l ~ 2 a — \b\ l ~ 2 b)(a — b) for a,b £ M n , l > 2, and M(s) > a we get, ||rtfc — ua||x 0 —> 0 as 
k —> oo. □ 


Lemma 3.2. (i) For every u £ H + D G + , there is a unique f max = t max (u) > 0 and unique 

t + (u ) < t max < t~(u) such that t + u £ Aft ,t~u £ Af\ and J\(t + u) = min J\(tu), J\(t~u ) = 

o <t<t~ 

max Jxitu). 

I'L'-max 

(ii) For u £ H + D G~, there exists a unique t* > 0 such that t*u £ Aand J\(t*u ) = ruin J\(tu) 

Proof. Let u £ H + n G + . Then from equation (12.61) . we note that ip u (t) —oo as t oo. 
From equation (12.61) . it is easy to see that lim ip u (t) > 0 and lim if u (t) < 0. So there exists a 

t->0+ t-HX> 

unique t max = t max (u) > 0 such that ip u (t) is increasing on (0,f max ), decreasing on (t max ,oo) and 
V’u(^max) = 0. 

^u(tmax) = *max CtxlMlx 0 + b *maJMIx 0 “ Cax 
where t max is the root of 

®(P“?)CixlMlx 0 + b { 2 P~<l) t maxlMI.Y 0 ~ ( r “ <?)4ax d(x)\u\ r =0. (3.2) 

Now from equation (|3.2I) . we get 

1 [ a(p-q)S r r 


^max ^ 


l 

r—p 


MUo L(^-?)Nloo. 


:=T n 


(3.3) 
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Using inequality (13.31) . we have 

^u(t max ) > ^ U (T 0 ) > aT^ q \\u\\ p x - T^ q f g(x)\u\ r dx 

Jn 


> \\ u \\x 0 ( r ~ P) 


r — q 


~ v ( (p - q)S r r 


llffllc 


P — Q 

1—p 


> 0 


Hence: 


( ( r-p)S ? \ | 

( “ 

r — q 
\~ P 1 


I ll/ll 1 

\ L r -Q / 

-s 1 
1 

1 

{ ILIIoc J 


p-i 

r—p 


, then there exists unique t + = t + (u)<t n 


and t~ = t~(u ) > f max , such that ipu(t + ) = A J n f(x)\u\ q = ip u (t~). That is, t + u,t~u £ Af x . 

Also if u (t + ) > 0 and if u (t~) < 0 implies t + u £ Af x and t~u £ Aff. Since 4> u (t) = t q (ip u (t ) — 

A f n f{x)\u\ q ). Then <f> u (t) < 0 for all t £ [0,t + ) and 4> u {t) > 0 for all t £ (t, + ,t~). So 

J\(t+u) = min J x (tu). Also > 0 for all t £ [t + ,t~),4>' (t~) = 0 and 4>' u (t) < 0 for all 

o <t<t- 

t £ (t~, oo) implies that ) = max J\(tu). 

^^max 

(ii) Let u £ H + n G~. Then from equation (12.61) . we note that if u (t) > oo as t —> oo. Also 
if' u (t) > 0 for all t > 0. Hence for all A > 0 there exists t* > 0 such that t*u £ A and 
Jx{t*u) = min J\{tu). 

□ 


Lemma 3.3. There exists a constant C 2 > 0 such that 


f>+ < - (P-^-^ q C 2 < 0 


p q r 


Proof. Let v\ £ Xo such that Jq f(x)\v x \ q dx > 0. Then by Lemma lT2l there exists t x (v x ) > 0 
such that t \V\ £ Af + . Since t x v x £ Afjf , we have 


J\{t\v x ) = Q - a\\t x v x \\ p Xo + b \\t\v*Wx 0 + Q - J) J^9(x)\t x v x \ r dx. 


and 


Therefore 


[ g{x)\t x v x \' 
Jn 


dx < 


p-q 

r — q 


o||*aUa|Ia ' 0 + 


2 p — q 
r — q 


&IMaII 


2 P 

x 0 - 


(p-q)(r-p) 


(p-q){r-p) 


< - ——— —a\\t x v x \\ p Xo < ——a C 2 , 


p q r 


p q r 


where C 2 = Pa^aILyo- This implies 6»+ < - (p p) a C 2 . 


□ 


Lemma 3.4. For a given u £ Af x and A £ (0, Ao), there exists e > 0 and a differentiable function 
£ : £>(0, e) C Xq —► R such that £(0) = 1, the function £(v)(u — v) £ Af x and 


(e'(0),u) 


pa(u,v) + 2pb\[u\\ 1 Xo (u,v) — q\ f n f(x)\u\ q 2 u v dx — r f g(x)\u\ r 2 uvdx 
(P ~ q)a\\u\\ p Xo + (2 p - q)b\\u\\ 2 £ o - (r - q) J Q g(x)\u\ r dx 


(3.4) 
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where (u,v) = f R2 n |u(x) — u(y)\ p 2 (u(x) — u(y))(v(x) — v(y))\x — y\ n ps dxdy for all v £ Xq. 
Proof. For fixed u £ Af\ , define J„:Kx Xq — > R as follows 


T 

J 'll. 


( t,w ) = t p a\\u — Hlx 0 + t 2p b\\u — w\\x o — t q X f f(x)\u - w\ q dx - t r j g{x)\ 

xJ ^ J !T2 


U — W\ 


r dx 


then fF u (l, 0) = 0, j^F u (l, 0) 7 ^ 0 as J\f® = (j). So we can apply implicit function theorem to get 
a differentiable function £ : 6(0, e) C Xo —> R such that £(0) = 1 and equation (13.41) holds and 
J r u (£(w),w) = 0, for all w £ 6(0, e). This implies 


a \\^{ w )( u ~ w )\\ 1 x 0 ~^^M{ w )( u ~ w )\\x 0 


A [ f(x)\£(w)(u - w)\ q dx- [ g(x)\£(w)(u 
Jfi Ju 


w)\ r dx = 0 . 


Hence £(ie)(it — w) £ J\f x . 


□ 


Proposition 3.1. Let Ao = min{Ai, A 2 }, then for A £ (0, Ao) there exists a minimizing sequence 
{u k } C J\f x such that 

Jx(u k ) = 0 X + Ofc(l) and J x (u k ) = o k ( 1). 

Proof. Using Lemma[22]and Ekeland variational principle [13| , there exists a minimizing sequence 
{u k } C A/a such that 

Jx(u k )<9 x + ^ (3.5) 

Jx(u k ) < J x (v) + ^\\v - u k \\x 0 for each v £ J\f x (3.6) 

Using equation (13.51) . Lemma (13.31) and Holder’s inequality, we get, u k ^ 0. Next, we claim 
that ||U7^(?/fc) || —>• 0 as k —> 00 . Now, using the Lemma l3~4l we get the differentiable functions 
: 6(0, e k ) R for some e k > 0 such that f k (v)(u k — v) £ J\f x , for all v £ 6(0, e k ). For fixed k, 
choose 0 < p < e k . Let u £ Xo with u ^ 0 and let v p = • We set r/ p = i k [y p )(u k — v p ). Since 

ri p £ JV X , we get from equation (13.61) 

1 

Jx(v P ) ~ Jx(u k ) > -~\\r] p - u k \\ Xo 


Using mean value theorem, 


lim 

n—> 00 


l&K) ~ x l 

p 


< ||£fc( 0 )||x o and taking limit p —> 0 , we get 




(3.7) 


for some constant C > 0 , independent of p. So if we can show that ||£^,(0)||x o is bounded then we 
are done. Now from Lemma 13.41 and Holder’s inequality, we get 




_ K\\v\\x 0 

(p - q)a\\u k \\ p Xo + ( 2 p - q)b\\u k \\ 2 £ 


-for some K > 0 

( r - 9 ) J n g(x)\u k \ r dx 


(3.8) 






12 


Pawan Kumar Mishra and K.Sreenadh 


So to prove the claim we only need to prove that [p — </)a||tifc||j^ + (2 p — <?)&||ufc||^ o — (r — 
q ) J n g(x)\uk\ r dx is bounded away from zero. Suppose not. Then there exists a subsequence u k 
such that 

ip- q)a\\uk\\ p Xo + (2p- q)b\\u k \\ 2 £ o - (r - q) J g{x)\u k \ r dx = o k ( 1) (3.9) 

From equation (13.91) . we get E\{u k ) = o k { 1) and 


IKIUo > 


f p ~ q 

\r~q 


as; 

llfl'lloo 


+ Ofe(l). 


(3.10) 


Now following the proof of Lemma 12.31 we get E\(u k ) > 0 for large k, which is a contradiction. 
Hence {u k } is a Palais-Smale sequence for J\. 

□ 


Proof of Theorem 11.21 : Using proposition 13.11 and Lemma 13.11 there exist minimizing subse¬ 
quences { u £ Af± and u± £ X$ such that —>• u± strongly in Xq for A £ (0, Ao). Therefore 
for A £ (0, Ao), u± are weak solutions of problem (Pa)- Hence u± € Af\. Moreover u± £ A/J 
and J\(u±) = Q±. As J\ (u^) = Ja(|u±|) an d I^aI *= A/, by Lemma [2TT1 u± are non-negative 
solutions of (Pa)- Also, A fjf n A ffi = 0, implies that and uf are distinct solutions. 

Now to prove Theorem 11.31 we need following Lemmas. 


Lemma 3.5. Let r = 2p and A be defined as in () 1 . 6 1) . Then 


(i) if b > then A fyf = Af\ for all A > 0. 

(ii) if b < then there exists a A 0 > 0 such that A, for all A £ (0, A 0 ). 


Proof, (i) From equation (12.41) . for any u £ Af\, we have 

K(!) = a (p - q)\\ u \\x 0 + (2 P-q) (^IMIx 0 - J^g(x)\u\ 2p dx 

^ < mi iip , i 2 P~q)i bA — i) ii |,2 P 
> a(p - q)\\u\\ p Xo +- - -||u||x 0 > °- 


So u £ A f£, implies A = Af\. 

(ii) Suppose u £ A f%. Then by equation (12.41) 


( 2 P~q)[ l^g{x)\u\ 2p dx-b\\u\\J o ) = a(p - q)\\u\\ p Xo 


MUo > 


a(p — q )A ^ p 

(2p-g)(l-6A) 


(3.11) 


(3.12) 
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Also, from equations (12.31) . (12.41) . Holder’s inequality and Sobolev inequality we get , 


u \\x 0 < 


( A( 2 p-q)l^ \ plq 

Y apSf J 


(3.13) 


where S r is the Sobolev constant for embedding of Xq in L r {Pl). Now, from equations (13.121) and 
(13.131) . we get 


f a(p - q) A \ p ( A (2 p-q)F-q \ p 9 

\(2p - q)(l - bA)) ~ U X ° - y apSr J 


(3.14) 


So equation ([3.141) holds if A > A 0 


paSr ( aA(p—q) 

(2 p-q)l^ \(l-bA)(2p-q) 


P-Q 

p . Thus, for A < A 0 , Af% = <f> 


□ 


Lemma 3.6. For r = 2p and b > there exists a unique 0 < t + < t max such that t + u £ Af\, 
whenever u £ H + . Also 


J\{t + u) = inf J\(tu). 


Proof. Using equation (I2.5[) and ([2.6D for r = 2 p, we have 


t{t) 


afP q \\ u \\x 0 + t2p q (l>\\ u \\x 0 ~ f^g(x)\u\ 2p dx 
a(p ~ q)t p - q ~ l \\u ||P Q + ( 2 p - q)t 2p ~ q ~ 1 (&|h 


12 p 
l-Yo 



(3.15) 

(3.16) 


Observe that i// u (t) > 0 for t > 0. So for u £ H + there exists a unique t + {u ) > 0 such that 
t + u £ J\f\ = JV£. Now using equation (12.71) . we get J\(t + u ) = 0, jjp>rj\{t + u) > 0 for all t > 0. 
Hence J\(t + u) = inf J\(tu). □ 


Lemma 3.7. For r = 2p and b < there exists a unique t mSiX (u) > 0 such that 

(i) For u £ Ff + , there exists A 0 > 0 and unique t + (u) < t max (u) < t~(u ) such that t±u £ Af^ 
and J\(t + u) = inf J\{tu), J\(t~u) = sup J\{tu) for all A £ (0, A 0 ). 

0<t<« m ax t>t max 


(ii) For u £ H , there exists unique t (u) > t max such that t u £ Af x and 3\{t u ) = sup J\(tu ) 

t> o 

Proof, (i) From the equation (13.161) and (13.151) . we have t max > 0 such that 


1pu(t max) A 


2p-g 


pa p 
2 P~q 


( ( p - g )A \ 

V (2p — <?)(! — Ab)) 


p-q 

p 




g 

x 0 


Now if A < A 0 , we have unique f + < t max < t such that V’«(^ ± ) = A f(x)\u\ q dx that is, 
t±u £ Af\. Since if' u {t) > 0 for 0 < t < t max and < 0 for t > t max we get if' u {t + ) > 0 and 
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< 0. So by the equation (12.71) . t±u G dV±. 

Again from equation (|2.7j) . we observe J\(t + u) = 0, > 0 for all 0 < t < t max . Hence 

J\{t + u) = inf Jxitu). Similarly, 4rJ\(t~u) = 0, < 0 for all t > t max . Hence 

o<i<tmax m 

= sup Jxitu). 

^^max 

(ii) For u G H~ , ^(i) < 0 for t > f max and ip u (i) —>• —oo as t —>• oo. So we have a unique 

t _ (u) > f max such that = A f n f{x)\u\ q dx. From equation (12.71) . t _ ii G 7V^ and Jx(t~u) = 

sup 77 a (Hi). □ 

t>o 


Lemma 3.8. Assume r = 2 p, b < Then 6^ < 0. 


Proof. Let wx G A 0 be such that f n f{x)\wx\ q dx > 0. Then from Lemma [3171 7 ^ 0. Take 

u G dV+, we have 

oIMIyo + &IMIx 0 - A / /(aOM 9 ^- / £f(x)M 2p dx = 0 (3.17) 

do do 

HMIx 0 + 2 P b \\ u \\x 0 - M [ f{x)\u\ q dx - 2 p [ g(x)\u\ 2p dx > 0 (3.18) 

do do 

Now multiplying eauation (l3.17D by 2p and subtracting from equation (13.18ft . we get 


A(2 p-q) f{x)\u\ q dx >pa\\u\\ p Xo 


Now using equation (13.171) and ()3. 191) , we get 


A 


Jx(u) = -M(\\ U \\ p Xq ) - - / f(x)\u\ q dx- 


u 


P u <7 do 

( 1 1 

\P 2 p 

= —||u|| v- — A 

2p" 11 A ° 

1 11 up 1 11 1 

= —a it v-am 

2 p " " A ° 2 q " 1 


2 p 


x 0 
( 2 p ~ q) 
2 pq 


-A -- 


riU 


/ 5(®)l«| 2p ^, 

do 

/(x)|ii|' 3 'dx 


/(x)|tt| 9 dx 
(P-9) 


*0 


o 
< - 


2 pg 


®IMIx 0 < °- 


Hence < 0. 


(3.19) 


□ 


Proof of Theorem 11.31 Using Lemmas 13.5113.6113.7113.8113. H and repeating the argument given 
in proof of Theorem 11.21 we get two non-negative solutions G A fjf and uf G A fff. 

Proof of Theorem 11.41 

Now to prove Theorem Ol we use truncation technique as used in [ 2 j and m for Laplacian 
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operator. We consider the following truncated problem, 

\u(x) — u(y)\ p 


M k 


( P\,k ) { \J r 2 " I* - y I 

where k € and 


n+ps 


dxdy)(—A)pU = \f(x)\u\ q 2 u + g(x) \u\ r z u in Q, 


,r-2 


u = 0 in R n \ fi, 




M(t) if 0 < t < k, 
M(k ) if t > /c, 


is a truncation of M(t). 

The energy functional associated to the problem is given as 

J\.kiu) = -M k (\\u\\ p x ) - - [ f(x)\u\ q dx - - [ g(x)\u\ r dx 
P 0 q Jn r J n 

where M k is the primitive of M k . We define 

-A/a,; t = {« € X 0 \ { 0 } : (J{ >k (u),u) = 0 } 

Now fiber maps 4> U:k ■ R + —> R are defined as (j> u ,k(t) = J\,k(t u )- For u £ X 0 , we have 

<f>u,k(t) = -M k (t v \\u\\ p x ) - -t q f f(x)\u\ q dx — -t r [ g(x)\u\ r dx, 

P Q Jn r Jn 

^ >fc (l) = M fc (|H|P 0 )H' 0 -A [ f{x)\u\ q dx - f g(x)\u\ r dx, 

= (p- l ) M k(\H\x 0 )\Mx 0 + M k(\\ u \\x 0 )p\\ u \\x 0 
— X(q — 1) f f{x)\u\ q dx — (r — 1) f g{x)\u\ r dx. 

J q J 

Then it is easy to see that u £ M\ ik if and only if (f/ u fc (l) = 0. That is, 


(3.20) 


(3.21) 


(3.22) 


(3.23) 

(3.24) 

(3.25) 

(3.26) 


M k(\\u\\ p Xo )\\u\\ p Xo - X f f(x)\u\ q dx- f g(x)\u\ r dx = 0. (3.27) 

J J n 

We split M\k into three parts corresponding to local minima, local maxima and points of inflection. 
For this, we set 

Ajfc := {u € M x ,k ■ <t>u,k( l ) ^ 0} = {tu € X 0 : ^ >fc (t) = 0, (f>'^ k {t) ^ o} , 

Aa ,k '■= { u € A/ A ,fc : <, fc (l) = 0} = {tu € X 0 : <j>' U}k (t) = 0, fc (t) = o} . 

We need following results to prove theorem 11.41 
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Lemma 3.9. The energy functional is coercive and bounded below on Af\ t k- 
Proof. Using equation (13.271) for u £ we get 

Jx,k( u ) = - M k(\H\x 0 ) - ~ [ f{x)\u\ q dx - - f g(x)\u\ r dx, 

P Q Jn r Jn 

= ^ M k{\\u\\ p Xo ) - ^M k (\\u\\ p Xo )\\u\\ p Xo J Q f{x)\u\ q dx, 


> 


M(k)\ 


P 


r -j il»llx„ - A I 1 - 1 I 


lx 0 - 


Thus is coercive and bounded below as | > 


q r , 

MAfl f or selected choice of k. 

Lemma 3.10. There exists a A 1 > 0 such that Af®k = ® f or a ^ A *= (0, A 1 ). 

Proof. Suppose not, then for u £ J\f® k we have two cases 
Case 1: ||u|| p x < k 


From equations (|3.24p and (I3.25|) . we have 

(p - q)a\M p Xo + (2 p - q)b\\u\\x 0 -lr-q)J g ^ u ^ dx = 0 

(r - p)a\\u\\ p Xo ~ (2p - r)b\\u\\ 2 ^ o - X(r - q) f f(x)\u\ q dx = 0 

J 


Case 2: ||u|| y 0 > k 


(p-q)M(k)\\u\\ p x - (r - q) [ g{x)\u\ r dx = 0. 

Jn 

(r - p)M(k)\\u\\ p X(j - A(r - q) j f{x)\u\ q dx = 0. 

Now from equations (13.281) . (13.301) and Holder’s inequality, we get 

iP~ q)a\\u\\ p Xo < (r-g)||3 ||ooS~ r |M|Av 

(p-q)M(k)\\u\\ p Xo < (r-g)||»||ooSn|t*||5cb- 


From (13.321) and (13.331) . we get 


Ci||u|& 0 <(r- 9 )y|ooS r - r NI5fo- 


□ 


(3.28) 

(3.29) 


(3.30) 

(3.31) 


(3.32) 

(3.33) 


(3.34) 


where C\ = (p — q) min{a, M{k)}. Similarly, from (13.291) and (13.311) and Holder’s inequality, we 
get 


[(r — p)a — (2 p — r 


u 


x 0 


< \{r - q)P~<iS r q \\u\\ q Xo . 


(r — p)M{k)\\u\\ p Xo < \(r - q)l r ~«S r q \\u\\ q XQ . 


(3.35) 

(3.36) 
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From (13.351) and (13.361) . we get 

C 2 \H\ p Xo < A(r - q)l—« S~ q \\u\\ q Xo . 

where C 2 = min{[(r — p)a — (2 p — r)bk\, (r — p)M(k)}. From (|3.34[) and (|3.37|) . we get 

1 - r \ -J- 

A(r — q)l r -i \ p q 


(3.37) 




< IMU 0 < 


c 2 s q 


(3.38) 


Hence 


j33SD holds if A > A 1 = ( {r ° 2 q) % ) ■ Hence for A < A *> U lk = <!>■ □ 


Next, we define Of, = inf Then we have following Lemma. 


Lemma 3.11. 6 > < 0, for all A G (0, A 1 ). 

Proof. Let u G A f£ k Then we have two cases. 
Case 1: IHIxo - k 
From (I3.35p . we have 


[(r-p)a- {2p - r)bk]\\u\\ p Xo < A (r - q) J f (x)\u\ q dx. 

Now, using (13.391) . we have 

= ^M k (\\u\\ p Xo ) - ^M k (\\u\\ p Xo )\\u\\ p Xo ~ A ~ j^f{x)\u\ q dx 

= Q -;) o|l " l|P *° + {t p ~;) 6|I “ II * P !(z) luVdx 

( p-q){r-p) M llP , (2p-q)(2p-r) ||2p 

-am v H-om v 

11 " Xn 2 pqr 11 " x ° 


(3.39) 


< - 

< 


pqr 


k 

-((r — p)a — (2 p — r)bk) < 0 

pqr 


Case 2: ||«||^ > k 
From (13.311) . we have 


0 < (r — p)M(k)\\u\\ P x <A (r — q) f f(x)\u\ q dx. 


(3.40) 


Mk(t) = I Mk(s)ds = I M(s)ds+ f M k (s)ds = M(k) + M(k)(t — k) for t > k. 

J /c 


Also 
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Using (13.4011 . we get 

M = 1^4(ll“llx 0 ) - -A(i-i) l f(x)\u\'‘dx 

= l -[M(k) - M(k)k\ + (i - i)M(fc)||»r Xo - A (1 - 1) J a f(x)\u\"dx 

< [ mwdx < o, 

2 P pqr J n 

Hence 0^ k < 0. □ 

Proof of Theorem ll.4l il : Repeating the same argument as in Theorem 11.21 and using Lemma 
I3.1l and the fact that J\m is bounded below in Ao, we get a Palais-Smale sequence which converges 
strongly. 

Proof of Theorem 11.4( ii): Let 6 > 0 and take A < Ao = min-f^A 1 }. Then by Lemma 
13.111 and proposition 13.11 there exists two minimizing sequences satisfying (13.111 . Using Lemma 
EH up to subsequences, u k —> u± strongly in Ao- Hence u± G an d = As 

= >J\,k(\u : \\) and G A/j^, by Lemma f2.ll u± are non-negative solutions of P\ t k- 
Also, M^ k n = $■> implies that and uf are distinct solutions of problem Now we 

claim that ||u)K || p < k. If not then by Lemma ll.il 

a(r ~ P) k 
brL(6) L{d) L{ A) 

< max{M( k ) r ~ 1 , M ( k ) ~ } = A 

which implies b > , a contradiction. Hence u± G Aand u ^ and uf are distinct solutions 

of problem P\. 


4 Existence of solution for critical case 


To show the existence result in the case of critical nonlinearity, we need the following Lemma. 

i *-2 P \ (moCT/P* 


2 ppi J g(n—ps)/ps 


Lemma 4.1. Suppose {uj} be a sequence in Ao such that J\{uj) —> c < 

P 

C\p-i and J{{ Uj ) -4 0, where C is positive constant depending on p and q, then there exists a 
strongly convergent subsequence. 


Proof. By equation (13.111 . {uj} is bounded in Ao and so upto subsequence {uj} converges weakly 
to u in Ao, strongly in L q for all 1 < q < p* and point wise to u almost everywhere in Q. Also 
there exists h G L p {Pl) such that \ujfx)\ < h(x ) a.e. in 0. Also, {||rtj||x 0 } as a real sequence 
converges to a (say). Since M is continuous, M(||«j||^ o ) -4 M(a p ). Now we claim that 


\u 


p 

P\x 0 


ip 

A'o 


as j -4 +oo, 


(4.1) 
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Once claim is proved, we can invoke Brezis-Leib Lemma [5] to prove that Uj converges to u 
strongly in Xq. We know that {uj} is also bounded in PUQ ,p (fl). So we may assume that there 
exists two positive measures p and v on R n such that 

|(— A)pUj\ p dx p and \uj\ Ps v, (4.2) 

in the sense of measure. Moreover, from ({22]). we have a countable index set J, positive constants 
{vj}j & j and {pj}j£j such that 


I \P< 
v — \uy * 


dx + ^2 Vi5 Xi , and 


ieJ 


p > \(-A) s v u\ p dx + y 'pjS Xi , i'i<Sp p i s,p , 

ieJ 


(4.3) 


(4.4) 


where S is the best constant of the embedding VFq’ p ( 11) into L p * s (fX). Our goal is to show that J 
is empty. Suppose not, then there exists i £ J. For this x,, define <j)\(x) = x G M n and 

4> £ C'^°(M n , [0,1]) such that (f) = 1 in B{ 0,1) and 0 = 0 in M n \ B{ 0, 2). Since {4>s u j} is bounded 
in Xq, we have J' n \(uj)((j)gUj) —> 0 as j —> +oo. That is, 

M (\\uj\\x 0 ) [ «i(*)|(«j(*) - Uj(y)\ p ~ 2 (uj(x) - Uj{y)){(j) l 5 {x ) - 4>s(y))\x - y\~ n ~ ps dxdy 

= -M{\\uj\\ p x ) [ 4>s(y)\uj(x)-u j {y)\ p \x-y\- n - ps dxdy 

Ik 2 " 

+ A f f(x)\uj(x)\ q ~ 2 Uj(x)(j) l s (x)dx + f \iij(x)\ Ps 4 > l s (x)dx + Oj(l), ( 4 . 5 ) 

Jn Jn 

as j —> oo. Now using Holder’s inequality and the fact that {uj} is bounded in Xq, we get 

| [ Uj(x)|uj(x) - u i (y)| p_2 (u i (x) - Uj(y))(^ l 5 (x) - 4>s(y))\x - y\~ n ~ ps dxdy\ 

JR 2 " 


< c 


\uj(x)\ p \(t>\(x) - 4>\(y)\ P \x - y\ 71 ps dx dy 


Now we claim that 


lim 

<5->o 


lim 

j->-\-oo 


\uj(x)\ p \4>s(x) - 4>s(y)\ P \x - y\ n ps dx dy 

»2n 

Using the Lipschitz regularity of (fy, we have, for some L > 0, 

[ Wj(x)\ p \(t)\(x) -(t>\{y)\ p \x-y\- n - ps dxdy 

JR 2 " 


= 0 . 


(4.6) 


(4.7) 
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< 


< 


\ [ \uj(x)\ p \4> l s (x) - 4>\{y)\ P \x - y\ n ps dxdy 

V J R 2 " 

L p 5~ p f f 

— 7 — / / \ Uj (x)\ p \x-y\ p - n - ps dxdy 

u JR" Jw 

f/ / 

u JR" JR r 




< C 


+ — / / |itj(x)| p |x — y\ n ps dxdy 

n{\x-y\>6} 

(. L p 5~ p + 2 p ) 


6 


\h(x)\ p dxdy < +oo, 


with C = C(n, s, 5) > 0. So, by dominated convergence theorem 
lirn f \uj(x)\ p \4>\(x)-(j)\{y)\ p \x-y\~ n ^ ps dxdy 

J^+OO J R 2n 

= [ \u(x)\ p \4(x)-4(y)\ p \x-y\- n - ps dxdy. 

Jr 2 " 

Now, following the calculations as in equation (|4.8I) . we get 


[ W{x)\ p \(t>\(x) - (t)\(y)\ p \x - y\ nps dxdy 

JUxV 


L p 

<_ s~ p 

- e 

2 p 



U Jvn{\x-y\<&} 


\u(x)\ p \x — y\ p n ps dxdy 



+ — / / \u(x)\ p \x — y\ " ps dxdy, 

v Ju JVn{\x—y\>8} 

where U and V are two generic subsets of M n . Next, we claim that 

[ \u(x)\ p \4>\{x) - 4>\{y)\ P \x - y\~ n ~ ps dxdy -s> 0, as 5 0. 

J R 2 " 

When U = V = W l \B( Xi , 5) claim follows. When UxV = B ( Xi , 5)xR n and UxV = 
we can use Proposition 2.1 of |20] to prove the claim. Thus 


Hence 


lim / \u(x)\ p \4> l s {x) - (t> l s {y)\ P \x - y\ n ps dxdy = 0. 

< 5^-0 l]n>2n 


M (\Wj\\x 0 ) [ «i(*)|(Mj(*) - Uj(y)\ p 2 {u j {x)-u j {y)){<f> t s {x) - c/) l s (y))\x - y\ 

JR2n 


—n—ps 


(4.8) 

(4.9) 

(4.10) 

(4.11) 

l n xB{ Xi ,5), 

(4.12) 

dx dy —>• 0, 

(4.13) 
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as 5 —> 0 and j —> oo. Now, using Holder’s inequality 


/ 

JR’ 


Uj(x) - Uj(y) 


\x - y | 


n-\-ps 


< 2 P 


< i 


-l 


\u 3 {y)\ l 


/ 

JR 


»\n |x - 2/| n+ps 


+ 


/ 


Uj(x)-Uj(y ) p 


I m+ps 

n F - 2/| 


-dx 


Ci \uj{y)\ p + C 2 [ \uj(x) - Uj(y)\ p \x - y\ n ps dx , (4.14) 

Jn 

where C'i = 2 P_1 | J Rn \n uzzjjfk+ps | p and C 2 = • Now using equation ()4.14jl and (14.211 . we get 

: [ 4>\{y) [ I u j (x)-u j (y)\ p K(x-y)dxdy 
JR n Jn 


lim inf 
j—H-oo 


> 


C 3 1 lim inf [ 4>\(y) c(n, s) [ 
c{n , s) j-h-oo J R , 


Uj(x ) - ■Uj(y) 

|x - y\ n+ps 


dx 


dy 


- C 4 lim inf / <$(y) |uj (y) \ p dy 

J-S-+00 Jran 


(4.15) 


> C 3 1 / <t> l s (y)dn - C± [ \u(y)\ p dy, 

C{n,S) J R n JB(xi,8) 

where C 3 = ^ and C 4 = Moreover, 

/(x)|rtj(a;)| 9_2 Uj(a:)^(a;)da; —* f /(x)|u(x)| 9 ~ 2 u(x)(^(x)<ix, (4.16) 

J B(xi,S) 


/ B{x i} 5 ) 


as j —>• + 00 . We also observe that the integral goes to 0 as 5 —> 0. So, using equations (14.131) . 
(14.151) . (14.161) and (14.21) ) in equation (14. 5p . we get 


[ 4>\{ x ) d ‘ 
Jn 


v + A 


f(x)\u(x)\ q 2 u(x)4> l s (x)dx 


J B(xi,S) 

> M(a p )C ( [ 4(yW- 


\u(y)\ p dy + 0,5(1). 


>B(xi,S) 

Now, by taking 5 —> 0, we conclude that ui > M(a p )Cpi > moCyi . Then by (14.41) . we get 

^ ( m Q C) n / ps 

^ — g(n-ps)/ps ’ 


(4.17) 


for any i £ ./, where C = , independent of A. We will prove that equation (14.171) is not 

possible. 

From the assumption in the Lemma, we get 


c > 


> 


P*s~2p 
2 ppt 
P*s~2p 

2 PP* S 


Ui\ p ° + —\\uj\\ p Xo - A 


2 p 


2p-q 

2pq 


f(x)\uj\ q dx 




2p-q\ p=z 1 rq .1 

- I P br( \\Uj y )r 

2 pq J J " X ° J 
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for some r = | > 1. Now consider h(t) = ^t r — A ( ^pq ' ) ^ p which has minimize!' at 


to — 


p-g i 

\(2p—q)l P Sr 
ar 


. Hence 


c > 


> 


p; - 

2 PP* S 

p*s - 2p 




-i—1 |-r-l 


(A(2p — q)l P Sr)r- 1 

"I - 

2 pqa r ~ 1 


As j 


2PP* S J Jn 

oo and S —> 0, we have 


b\\uj\ p ° -CX^ 


where C = [ —i- V- ) ^ 2p P g r ) r 


C> 1 'P±^P\ ( ? C)^ _ CA ^ 

2 pp* ) S( n -P g )/P s v ; 

which is a contradiction. Therefore zzj = 0, Vi G J. 


1 - r l 

r r-^T r r—1 / 2pqa r ~i 

Hence J is empty. Which implies Uj —> u in L Ps (H). So, by equation (13.11) taking < f> = uj and 
using dominated convergence theorem, 

lim ) Il'Ujllv- =A f f {x)\u(x)\ q dx + [ \u(x)\ Ps dx. (4-19) 

j^+oo 0 0 Jn Jn 

Now, we take 4> = u in equation (13.11) and recalling that Af(||ttj||^- ) —> M(a p ), we get 


M{a p )\\uj\\ p x =A f f(x)u(x)dx— f \u(x)\ Ps dx. 

0 Jn Jn 

So, combining equations (14. 19|) and (14.201) . we get 

M (\\ u j\\x 0 ) \\ u j\\x 0 -»• M(a p ) \\u\\ p Xo , as j -> +oo. 
So, using this result, we have 

M(iMrx 0 )(iNii-o - ii“Hx 0 ) =m\u j \\ p Xo ) im & 0 - mk) iiuii p Yo 


(4.20) 


- M (||u i |l5f 0 ) IM& 0 + M (« P ) IM& 0 , (4.21) 


which leads to 


Also 






0. 


™o(IM& 0 - ||u||* 0 ) < A/(||n,||^ o )(||^|| p Yo - ||u||* 0 ), 
which implies — >• ||tt||^ and the claim is proved. Hence Uj —>• u strongly in Xq. 


(4.22) 

(4.23) 

□ 
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Proof of Theorem II.5t Assume Aq = max{A : 0\ < 


P*~2p 

2pp* 



A 0 o = min{Ao, Aq}. Now by Lemma 12.21 and Ekeland variational principle, we get a minimizing 
sequence { u &} satisfying 


J\(u k ) =0\ + o(l) and J[(u k ) = o(l). 


(4.24) 


then {u k } is bounded in Xq. Hence, upto subsequence, u k — L u\ in Xq, u k -A u\ in L q V q £ [l,p*) 
and Uk(x) —> u\(x) a.e. in fh Now by Lemma l4~Tl u k —> u\ in Xo for A £ (0, Aoo)- So by Lemma 
EEJ u\ is a solution of problem P\ for r = p*. Hence u\ £ Af\. Now using equation (12.71) . we get 
u x € AT+. 
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